The "£-dense" subgraphs of a connected graph G are connected and contain neighbours of all but at most k-l points. We consider necessary and sufficient conditions that a point be in I\, the union of the minimal &-dense subgraphs. It is shown that T k contains all the u [m, &]-isthmuses" and u [m, ^-articulators"-minimal subgraphs which disconnect the graph into at least k +1 disjoint graphs-and that an
k-dense subgraphs.
If k is any positive integer, a &-dense subgraph G is a connected subgraph such that there are at most k -1 points of G -G' which have no neighbours in G f . In Figure 2 , the points "1" and "4" are 1-dense while "2" and "3" are 2-dense. FIGURE 2 Clearly if G' is &-dense, then G' is ^-dense for p > k. Another obvious result is LEMMA 2.1. A connected subgraph which contains a k-dense subgraph is k-dense.
Let S k denote the set of all &-dense subgraphs having at least k points, plus the null graph. A trivial consequence of 2.1 is THEOREM 
The subgraphs in S k form a lattice under the relation of set inclusion.
If G is w-connected for m < n and contains a point p u G (pi) must have at least m points which implies THEOREM 
If G is m-connected for m < n, every connected subgraph is (n-m) -dense.
A &-dense subgraph which properly contains no other &-dense subgraph is said to be ^-minimal. The reader will easily verify: THEOREM 
If a point is D^-minimal, then it is contained in every [rn, k\-isthmus and [m, k]-articulator.
If n > 1 and a point p is not a [1, l] -isthmus, G -p is 1-dense and hence &-dense. If p is a [1, l] -isthmus and the partition of G -p contains precisely q + 1 graphs, q of which contain fewer than k points among them, then the remaining graph in the partition is &-dense, which cannot be the case if every q graphs in the partition contain at least k points. This proves: THEOREM 2.5. For n > 1, the intersection of all the k-dense subgraphs is precisely the subgraph G of [1, \\- Suppose p2 and a point p% are in two disconnected graphs of the partition of G -G'. Then the distance from p 2 to pz is at least d + 1, and pz is not a central point.
Union of the D^-minimal subgraphs.
The symbol "r fc " will denote the union of all the ZVminimal subgraphs of G.
Let r' be an [m, &]-isthmus or [m, &]-articulator of T k and suppose G -r' is connected. Every point in r' has a neighbour in G -r', for r' can have no proper subgraph disconnecting T k , and thus G -V is 1-dense and contains
f is not connected, and its partition consists of at least fe + 1 graphs, so that it contains no Z^-minimal subgraph. Thus G must contain some point of G -T k , which is a contradiction.
If THEOREM 
If S is any subgraph determined by k points and containing no D, r minimal subgraph, then T k (S) disconnects G.
If G -T k (S) is connected, it is &-dense and contains a D k -mimmal subgraph in which some point not in 5 must have a neighbour in S, which is impossible. THEOREM 
If G is m-connected and k < m, then T k contains at least m -k + 1 points.
If there exists 5 satisfying the hypothesis of 3.3, then T k (S) contains at least m points as does T k . If every subgraph of k points contains a ZVminimal subgraph of G, G -T k contains fewer than k points, and so T k contains more than n -k points, that is, at least m -k + 1 points.
We now consider general conditions under which articulators and isthmuses of G are contained in T k . THEOREM 
If G is an articulator or isthmus such that the partition of G -G consists of precisely q graphs, every q -1 of which contain at least k points among them, then G is contained in Y k .
If p is a point in G, then G -G + p is 1-dense and contains a ZVminimal subgraph which cannot be contained in G -G. An immediate consequence is THEOREM 3.6. £l k is contained in T k .
In proving the following theorem, we use the results, proved in (1), which assert that if G is not completely connected, it contains a disconnecting subgraph, and a proper subgraph which disconnects G contains an articulator or an isthmus. We now proceed to obtain necessary conditions and sufficient conditions that a point be contained in G -T k . THEOREM 
If p is a point which is not D k -mtnimal and is not a [1, 1]-isthmus, and whenever G is a minimal subgraph with the property that G + p disconnects two points of G(p), G also disconnects p from at least k points of G -G, then p is contained in G -T k .
Suppose a point p satisfies the conditions of the theorem and there is a ZVminimal subgraph T' containing p and a point which is a neighbour of p. Then either r ; -p is not connected (Case I), or there is a point pi in G which is a neighbour of p and of no other point in T' (Case II). In Case I, G -T' + p disconnects two points of the intersection of G(p) with T r , and since p is not a [1, l]-isthmus, G -V contains a minimal subgraph G, such that G + p disconnects these two points. But if G disconnects p from k points of G -G', then T ; is not ^-minimal. Thus V -p must be connected, and we consider Case II. In this case, 
ofG-G.
If G' is a minimal subgraph with the property that G' + p disconnects k +1 points of G(p), then every point of G' is connected to at least one of these k +1 points by a path which, except for its initial point, contains only points of G -G'. Otherwise G' would contain a proper subgraph with this property.
subgraph, since it contains k + 1 points no pair of which is connected. Accordingly p belongs to a ZVminimal subgraph. For the case k = 1, 3.9 and 3.10 yield THEOREM 
A point p which is not a [I, \\-isthmus and is not Di-minimal is contained in G -Ti if, and only if, whenever G is a minimal subgraph with the property that G + p disconnects two points of G(p), G also disconnects G.
In a previous paper (1), it was shown that every connected graph contains at least two proper 1-dense subgraphs. This result will now be used to prove. Suppose Si, . . . , S r are the ^-minimal subgraphs containing more than one point, and let S r contain q > k points. Then there is a point p/ in S r such that 5/ = S r -pr is a proper connected subgraph containing q -1 > k points. Then each of the S t (i = 1, . . . , r -1) being &-dense, must contain a point pi having a neighbour in S/. There exists a proper subgraph 5/ = S tpi containing p t and all but one of the points, p/, of Si, since Si contains two proper connected subgraphs. Consider the subgraph S is connected since each of the 5/ is connected and all the S/ for i < r contain neighbours of points in the connected subgraph 5/. Since every ZVminimal subgraph containing only one point must have a neighbour in S/ and since each of the points p/ has a neighbour in S/, S contains neighbours of all the points in I\ which are not in S. Since G -T k contains fewer than k points, S is a &-dense subgraph containing no ^-minimal subgraph, which is impossible.
In Figure 3 is shown an example of a graph in which all the conditions of 3.12 are satisfied for k = 2. The points numbered "1, 4, 6" are each D 2 -minimal, as is the pair {2, 3}. The point numbered "5" is the only point in G -r 2 .
FIGURE 3

Colour Classes.
A colour class is a subgraph no two points of which are neighbours. We shall study the relationship of this concept to connectivity, a relationship also investigated by Dirac (3; 4) . A k-colouring of G is a set of k colour classes such that each point of G lies in one, and only one, class of the set. The chromatic number of a subgraph G', which we shall denote by c(G), is the smallest integer k such that there exists a ^-colouring of G'. The graph in Figure 3 has chromatic number 3, a 3-colouring being formed from the colour classes {1, 5}, {3, 4}, {2, 6}. then since pi has at least 2j neighbours which are not neighbours of p j+ i and we have already chosen at most 2j -1 of these, we can choose pi, ;+ i, distinct from p iT for r < j, in
1-c(g) > n/(n -m).
// for any positive integer k, G has diameter
> 2k + 1, then c(G) < n -2{mk -m + 1). 3. If G has diameter d = k + 1 for k > 3, no point of G can have degree > n -m(k -3) -3. 4. The diameter d of G satisfies the condition: d -4 < {n -m -3)/m.
G(pi) ~ G(p j+ i) -Z Pii<3+l
In this way we can form k -1 colour classes S t = p t + pn(i = 2, . . . , k) each having two points. We obtain an (n -k + 1) -colouring of G by colouring each of the remaining n -2(k -1) points with a separate colour.
